Covariantly we reformulate the description of a spinning particle in terms of the Poincaré group. We also construct a Lagrangian which entails all possible constraints explicitly; all constraints can be obtained just from the Lagrangian. Furthermore, in this covariant reformulation, the Lorentz element is to be considered to evolve the momentum or spin component from an arbitrary fixed frame and not just from the particle rest frame. In distinction with the usual formulation, our system is directly comparable with the pseudo-classical
formulation. We get a peculiar symmetry which resembles the supersymmetry of the pseudo-classical formulation.
Inspired by the spinning string, many studies have paid attentions to the spinning particle. There are two standard ways of describing the spin degrees of freedom; the 'classical' way describes them in terms of the Lorentz group elements [1] and the 'pseudo-classical' one does that in terms of the Grassmann quantities [2] [3] .
In the present paper we shall be concerned about the classical formulation in such a way that enlightens the relation with the pseudo-classical description. We shall begin with the 'classical' description and reformulate it in a form comparable with the 'pseudo-classical' one; in the covariant fashion and without extra constraints assumed out of the Lagrangian. Further we shall investigate the symmetry analogous to that supersymmetry which the 'pseudo-classical' formulation entails.
The 'classical' description uses the Poincaré group elements (Λ a b , q c ), Λ ∈
SO(3, 1)
↑ + (hereafter just denoted by SO(3, 1),) as the dynamical variables [4] . The Poincaré transformations for those elements are given by the standard multiplication; (Λ,ã) (Λ(t), q(t)) = (Λ Λ(t),Λ q(t) +ã). We can find two invariant one forms Λ −1 dΛ and Λ −1 dq [1] , which constitute the Poincaré invariant Lagrangian
where
is the momentum, q a are interpreted as the coordinates of the particle and λ σ 12 is an element in so(3, 1). 1 The first term is the usual kinetic term −m −(Λ −1q ) 2 written in the first order style with the above definition (constraint) (2) for the momentum p a . The second term induces local U(1) symmetry Λ → Λ e iασ 12 , with the fixed (stabilized) element
λ Λ σ 12 Λ −1 ∈ so(3, 1), which define 1 notation convention : without extra specification, Latin indices run from 0 to 3 and raised or lowered by the Minkowski metric η = {−1, 1, 1, 1} and repeated indices will be summed over. The dot over the variables means the derivative with respect to the parameter t.
'the spin component' S ab . With the representation (
Therefore the Lorentz elements Λ describe the spin degrees of freedom while they also define the momentum through the transformation of mass from the particle rest frame (see (2)). However, the element λ σ 12 is non-covariantly chosen in the Lorentz algebra, so that λ σ 12 is interpreted as 'the spin momentum' in the particle rest frame. 2 Moreover, formally the system appears to have no relation with the 'pseudo-classical' system where two constraints are involved [5] and those two constraints become the Klein-Gordon equation and the Dirac equation respectively upon quantization.
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In this work, we reformulate the 'classical' spinning particle in the covariant fashion and construct a Lagrangian which entails all possible constraints explicitly.
In this covariant formulation, the Lorentz element is to be considered to evolve the momentum or spin component from an arbitrary fixed frame and not just from the particle rest frame. We analyze the constraint structureà la Dirac and obtain three first class constraints. While one of them is concerned with the reparametrization, the other two are unusual symmetries similar to the supersymmetry of the pseudoclassical formulation. We obtain 'the physical spin momentum' and from the PauliLubanski vector, get the spin value available.
We start from the first order Lagrangian
2 In the particle rest frame, the p a = mδ a 0 and For covariance, λ kl is assumed to be invertible. 4 It should be noticed that in this formulation λ 0i = 0, i = 1, 2, 3, thus λ kl can't be the spin momentum in the particle rest frame. Thus in the covariant definition of spin component
no longer the transformation from the particle rest frame. The true interpretation of Λ is given by the constraint term
, where M k are the Lagrange multipliers. The term tells that the momentum p a is to be obtained by the Lorentz transformation Λ from the fixed frame where the momentum is given by −m t a ;
is the Lorentz element which transforms the particle momentum from the particle rest frame to the fixed frame mentioned above.
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The system has at least two symmetries; global Poincaré symmetry and local reparametrization symmetry. Those symmetries are essential to the relativistic description of a spinning particle, as is the case with a spinless particle. We note that for λ kl → 0, we can recover the usual relativistic description of a spinless particle.
Since the Lagrangian is in the first order, we can directly read off the Poisson brackets from the dynamical terms
As for Λ a b , we should be careful because they are in fact group elements so constrained by another condition Λ ck Λ c l − η kl = 0. To get the Poisson bracket for these 4 For degenerate λ kl , we can work on the reduced phase space and expect to have the same result with this paper. However for covariant formulation, we will not do so here. 5 t k is invariant under the Poincaré transformation to retain the relation
0 , whereΛ is the transformation from the particle rest frame to the observer frame. 6 For the Lagrangian of the form 1 2 q a ω abq b − H(q) with non-degenerate ω ab , the equation of motion is given byq
, which is rewritten asq a = {q a , H(q)} with the Poisson bracket defined as {q a , q b } = ω −1ab [6] .
group elements we will follow the method in [4] . Λ ∈ SO(3, 1) is parametrized by ξ = (ξ 1 , ξ 2 , · · · , ξ 6 ). The canonical brackets for ξ a and their conjugate momenta π b are given by
For convenience, we replace those phase space variables with the ones that are easier to treat. Prior to that, a basic identity should be noted. We define a set of functions
where σ ab are the group generators of so(3, 1) satisfying
Differentiation (7) with respect to ε at ε = 0 gives
where det N = 0 because, otherwise, σ ab will not be linearly independent one another [4] .
Since det N = 0, we can transform the canonical momenta π a to get new variables
which satisfy
{ t ab , t cd } = C ab,cd ef t ef .
To obtain (13) the Jacobi identity was used [4] . With the Lagrangian (4), t ab can be explicitly rewritten as
This is just the primary constraint concerned with the first order dynamical term
l . Here we analyze the Hamiltonian structureà la Dirac to look for full gauge symmetries [7] . The total Hamiltonian consists of only the primary constraints:
It is easy to get the non-vanishing Poisson brackets for those primary constraints;
Now we require those constraints to be constants of motion for this total Hamil-
Therefore no secondary constraint arises. From these equations, we can determine the Lagrange multipliers. From (18,19), we get
m 2 is the projection operator onto the direction normal to p a . The solution is easily found as Hence with
, the total Hamiltonian can be rewritten as follows.
where N, M and L are undetermined multipliers.
Since 
and
where {·, ·} * is Dirac bracket, which is equal to the corresponding Poisson bracket because α,β andγ are first class.
Now we are ready to get the equations of motion.
The equation (28) can be rewritten in more familiar form;
Therefore (25) and (29) tell the conservation of p a and
We can check the symmetry concerned with these conserved quantities through the Dirac algebra (the algebra with the Dirac bracket [7] as its binary operation) of them because the algebra becomes the Lie algebra upon quantization.
However in calculating the Dirac bracket, we have a practical difficulty of extracting the second class constraints in a covariant way. Thus we sidestep this difficulty by substituting 'corresponding first class variables' for those conserved charges. Since all Dirac brackets involving first class are equal to the corresponding Poisson brackets, we are able to get the correct Dirac algebra just through the Poisson algebra [4] . While p a is already first class, J ab is not.
We construct the following first class variable which is 'weakly' [1] [7] equal to J ab .
Now the Dirac brackets for these variables are given by
where {·, ·} * denotes the Dirac bracket. Hence we easily get the following Dirac algebra.
This algebra is just the Poincaré algebra and thus the conserved quantities p a and J ab are the momentum and the angular momentum respectively ; The interpretation of p a and S ab (as the momentum and the spin component respectively) is justified.
Before concluding this section we give some subsidiary notes. First, the momentum and angular momentum are observables. That is, they satisfy
Second, from (26) and (27) we geṫ
which tells that the momentum p a is no longer parallel withẋ a due to that last term which is the classical analogue of Zitterbewegung [9] . Third, making use of (35) and p 2 + m 2 = 0, we can eliminate p, N and M to obtain the usual second order
As mentioned earlier, S ab is not 'the spin momentum' because S ab p b = 0. Moreover it is not a physical observable. That is, it does not commute with all the first class constraints:
In this section we are to find the physical spin momentum and determine the spin value available for this spinning particle.
We project the conserved angular momentum J ab on the direction normal to the
then it is obvious thatS ab p b = 0. Further so definedS ab is a physical observable because
HenceS ab can be thought of as 'the physical spin momentum'. This assertion can be justified by checking the Dirac algebra. We again replace that physical spin momentum with the corresponding first class variable :
Then the Dirac bracket forS ab is given by the Poisson bracket forS ab * :
This seemingly peculiar algebra becomes rather a familiar one in the particle rest frame, whereS a0 = 0, p i = 0 andS ij = S ij :
ε ijkS jk , we obtain the well known algebra for the non-relativistic spin vector,
Finally, we get the spin value for the above physical spin momentum. From the Pauli-Lubanski vector W a = ε abcd J bc p d , we obtain
In the quantum theory, as the Dirac bracket is replaced with the commutator, (43)
where S i is the quantum operator corresponding toS i . It is well known [10] that this so(3) algebra determines the spin value as
So far we have dealt with a modified classical formalism describing the spinning particle. Based on the Poincaré invariance, the system has two conserved quantities which proves to be the momentum and the angular momentum. From the angular momentum we extracted the spin momentum which actually gives arbitrary spin value. However at the quantum level the available spin values are discretized to integers or half integers. These results are similar to [4] .
However this system also has many things in common with the pseudo-classical formalism [5] . First, the spin component hinders the momentum p a from being parallel withẋ a as we see in (35) (the classical Zitterbewegung) [2] . Moreover due to this fact, α does not generate mere reparametrization. Indeed the transformation for x a is given by
Besides the reparametrization, α generate the second term. This is not a peculiar property of this system; it is common with the pseudoclassical formulation.
Second, the system has extra first class constraintsβ andγ other than the usual α. Let us consider the following transformation 
This has a formal resemblance with the following transformations
which are generated by p a ψ a + mψ * in the pseudo-classical model [5] . This tells that
Mβ + Lγ shows rough correspondence withM (p a ψ a + mψ * ) of the pseudo-classical model. The lagrangian (4) is also very similar to the pseudo-classical one
upon the correspondences below:
However, we cannot tell that correspondence in (50), which may be due to the different nature between boson and fermion. A further investigation on the exact identification for those symmetries is to be hoped.
